On Darboux-Treibich-Verdier potentials 

A. P. Veselov 



o 



Department of Mathematical Sciences, Loughborough University, Loughborough, 
LEI 1 3TU, UK and Moscow State University, Moscow, 1 19899, Russia 

^ ■ E-mail address: A.P.Veselov@lboro.ac.uk 

^: 

. To V.B. Matveev on his 65-th birthday 



(N 

Ph. 



Abstract 

It is shown that the four-parameter family of elliptic functions 

3 

ud{z) = mo (mo + l)p{z) + ^ m,(m/ + l)p(z - to,-) 

(=1 

introduced by Darboux and rediscovered a hundred years later by Treibich and 
Verdier, is the most general meromorphic family containing infinitely many 
finite-gap potentials. 
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O ! 1 Introduction 

In 1882 in a short Comptes Rendus article Darboux f5l introduced and studied the 
^ \ following differential equation as a generalisation of the famous Lame equation: 

' 

I (f'y ^ mo{mo + 1) _|_ ni\{m\ + \)dn^z ^ m2{m2 + l)k^cn^z 

dz^ sn^Z cn^z dn^z 

+ m3{m3 + \)k'^sn^z)y = ?^y, (1) 

where rrij, / = 0, 1,2,3 are 4 integer parameters and sn,cn,dn are the standard Jacobi 
elliptic functions with parameter k (see |24 |). In a more convenient Weierstrass form 
the family of the corresponding potentials is 

3 

ud (z) = mo (mo + 1 ) piz) + £ m,- (m,- + \)p{z-COi), (2) 

i=l 



where COi , a>2, 0)3 are the half -periods of the corresponding elliptic curve 1241 . 
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A hundred years later this family was rediscovered by Treibich and Verdier ||2T1 
l22l in the context of the finite-gap theory. Almost at the same time Inozemtsev |[T4l 
considered it in relation with the generalisations of the elliptic Calogero-Moser sys- 
tem. 

The family ([2]) was known as Treibich- Verdier potentials until about 10 years ago 
V.B. Matveev pointed out that it was already in the old Darboux note |51. Following 
|[T8| we will call it Darboux-Treibich-Verdier (DTV) family. 

The aim of this note is to show that this family is actually a very special one: this 
is the most general linear family of meromorphic functions, which contains infinitely 
many finite-gap potentials (see a precise formulation below). 

I did not see this claim in the literature but I would not be surprised if in some 
form it was known to the experts. I should say that the proof simply follows from 
the modern finite-gap theory in combination with the classical theory of differential 
equations in the complex domain. 

This note was written on the occasion of 65-th birthday of Vladimir Borisovich 
Matveev, who was the first to appreciate and to demonstrate the importance of Dar- 
boux ideas for the modern theory of integrable systems. 

2 Claim and a proof 

In 1974 S.P. Novikov fW\ made a remarkable discovery: he showed that a real peri- 
odic Schrodinger operator 

L=-D^ + u{z),D = ^, 
dz 

having commuting differential operator 

A = d2"+i + ai (z)d2"-i + . . . + a2„(z) 

of an odd order 2n + \, has at most n gaps in its spectrum (see also Lax ifTTI ). 
Dubrovin [8] showed later that the converse is also true: for any such operator L 
there exists an odd-order differential operator A such that 

M]=0. (3) 

Slightly abusing terminology, we will call any Schrodinger operator L (not neces- 
sary real and in general with singularities) with this property and the corresponding 
potential u{z) as finite-gap. 

Note that the commutativity equation Q is equivalent to nonlinear ordinary dif- 
ferential equation on u{z), which is the stationary higher KdV flow 1.19,1 . Historically 
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this equation was first investigated (without any relation to spectral theory) by Burch- 
nall and Chaundy IS, who proved that the operators L and A satisfy the algebraic 
relation 

= P{L) (4) 

for some polynomial P(x) of degree 2m + 1. When the corresponding curve is non- 
singular the potential can be expressed explicitly in the hyperelliptic theta-functions 
as it was shown by Its and Matveev ifTSl . Further development was due to Krichever, 
who introduced an important general notion of Baker- Akhiezer function [16]. 

The following property of the finite-gap operators will play crucial role in our 
considerations. 

Painleve property. All the finite-gap potentials u{z) are meromorphic in the whole 
complex plane. The same is true for all solutions y{z) of the corresponding Schrodinger 
equation 

-xf/" + u{z)\lf = Xlff 

for all A. In generic situation this follows immediately from Its-Matveev formulas 
lITSJ . the general case see in Segal and Wilson 1 20 1 . 

Let /o (z) , . . . , /a? (z) , z e C be some meromorphic functions and V be finite-dimensional 
linear subspace spanned by them: 

N 

y = {„(z) = £a,./,.(z),a,eC.} (5) 

i=0 

We will call such a subspace finite-gap if V contains an infinite subset K CV consist- 
ing of finite-gap potentials, such that K is dense in V in Zariski topology. This means 
that if a polynomial is vanishing at the points of K then it must vanish identically. We 
also say that V is maximal if V is not contained in a larger finite-gap family. 

Let p{z) be the classical Weierstrass elliptic function with periods 2g)i,2g)2 and 
(01, = (01 + Oh (see 1,24,1 ). 

Theorem 2.1 Modulo shift in z there are only 3 maximal finite -gap subspaces, con- 
sisting of the following elliptic, trigonometric and rational potentials respectively: 

3 

^ell (z) = XI + ClAp{z) + 00, (6) 

!=1 

2 2 

a a 

Utrig (z) = «! — ^ h a2 3 h tto , (7) 

sm^ az cos^ az 

Urat{z) = + (Xq. (8) 
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The fact that the potentials Ueii (z) are finite -gap for parameters from the set 



K = {a,- = mi{mi + 1), m,- e Z,/ = 1,. . . ,4,ao G C} 



is due to Treibich-Verdier ||2TI . Note that the set K is indeed dense in V in 
Zariski topology. The trigonometric potentials 



with integer mi , m2 sometimes are called Pdschl-Teller potentials, although they were 
studied already by Darboux [6]. They are known to be the result of Darboux trans- 
formations applied to m = (see e.g. 1 10|) and thus are finite-gap. The same is true 
about rational case when a\ = m{m+ 1) with integer m. Note that trigonometric and 
rational families can be considered as a limits of the elliptic family when one or both 
of the periods go to infinity. 

Thus we must show only that there are no more maximal finite-gap subspaces. 
To prove this we need the following crucial fact, showing the relation of this question 
with groups generated by reflections. 

Let V be a finite-gap subspace. Consider its singular set £ = which is 

the union of the singularity sets (poles) of the corresponding functions /o, . . . ,//v. Let 
Zo G £ be any such pole and consider the symmetry s with respect to zo -^iz) = 2zo — Z- 
We claim that s{L) = £ for any zo € L. 

Proposition 2.2 The singular set T,{V) of any finite-gap subspace V is symmetric 
with respect to each of its points. Moreover, every potential in V is invariant under 
such a symmetry. 

To prove this we use the Painleve property of the finite-gap operators and Frobe- 
nius analysis of the corresponding Schrodinger equation — y" + u{z)y = Ai// in the 
complex domain. 

Without loss of generality we can assume that /o = 1 and zo = is the pole 
of /i (z) (all other f can be assumed regular at 0). It is known that the finite-gap 
potentials have only second-order poles with zero residues (see e.g. |[20l ). so the 
same must be true for the functions fi,... ,fN. The Laurent expansion at zero of the 
potentials from V has the form 



with c_2 = CC\ and other c,- = c, (o!o, • • • , CCn) are certain linear functions of the param- 
eters. Let us consider the corresponding Schrodinger equation 




m\{mY + \)a^ m2(m2 + l)a^ 



sin^ az cos2 az 



I \ C-2 2 

"(z) = + C0 + C1Z + C2Z +... 



(9) 



<p" + m(z)(?> = A(p 



(10) 
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and ask when it has all solutions meromorphic in the vicinity of z = for all A . In 
that case we will say that dTOl) has trivial monodromy around z = 0. 

The following important lemma looks classical, but as far as I know first appeared 
in Duistermaat and Griinbaum [lOj. 

Lemma 2.3 / 9/. The equation AlOi has trivial monodromy around z = if and only 
if the Laurent coefficients of the corresponding potential ^ satisfy the conditions: 

c_2 = 1), m € Z+ (11) 

and 

C2k-\=0,k = \,...,m. (12) 

The proof follows the classical Frobenius line: the solutions must be meromor- 
phic, so 

oo 

i=l 

Substituting this into equation and equating the coefficents we see that n must satisfy 
the characteristic equation jLt(/x + 1) = c-2, which implies (fTTI) . This is not enough 
yet since cp may have a logarithmic term. A simple analysis IH shows that the loga- 
rithmic terms are absent for all A if and only if in addition to (fTTI) we have (fT2l) . 

Now we can prove the proposition. Since finite-gap potentials have Painleve 
property they have trivial monodromy. Thus we have infinitely many potentials Q 
with parameters c_2 = m{m+ 1) for infinitely many integers m. This means that we 
have all odd coefficients C2k~i (cc) = for the corresponding a = {ccq, . . . ,aN) £ K. 
Now because K is Zariski dense this implies that C2k-i = for all potentials from 
V. This means that all the potentials from V are even functions and hence their 
singularity set is symmetric with respect to zo = 0, which completes the proof. 

Now we need the following elementary geometric 

Lemma 2.4 Suppose that a discrete set 'LcC is invariant under reflection z — > 2zq — 
Z with respect to every point zq € T. Then there are only 3 possibilities: 

1.= {z = Z.0 + ki(Oi+k2(O2,ki,k2 eZ,(Oi/o>2 ^ R}, (13) 

L = {z = ZQ + k(O,keZ,(O^0}, (14) 

S = {z = zo}. (15) 

The proof is simple: if we have two different points zo,Zi € ^ then the composition 
of the symmetries with respect to them gives a shift z — ^ z + 2(0, (0 = zi — zo- This 
means that the set must contain the one-dimensional lattice {z = zo + kco, ^ € Z}. If 
we have more points then it is easy to see that we have either larger one-dimensional 
or two-dimensional lattice. The only remaining case is a one-point set. 
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To derive our main result consider first the case (fT3l) when £ is a shifted two- 
dimensional lattice. The group generated by reflections with respect to the corre- 
sponding points acts on £ and has 4 orbits corresponding to the different parities of 
ki and kj. The corresponding meromorphic functions are elliptic and must have the 
Darboux-Treibich-Verdier form ^ shifted by zo- In the case ([141 ) the potentials are 
trigonometric functions and according to Airault, McKean and Moser HI must be of 
the general form 

^ mi{mi + l)a^ 

"Uj = > — 5 \- const ^ a = n/(0. 

f-'i sin^ a{z-Zi) 

In order to fit (fT4)) up to a shift in z they must be of the form The remaining 
rational case is similar. This completes the proof of Theorem 12. 11 

Remark. As we can see from the proof Zariski density can be replaced by the 
condition that K is not contained in any hyperplane in V. 



3 Concluding remarks 

What we saw here is another demonstration of a deep link between finite-gap prop- 
erty and trivial monodromy in the complex domain. The last property was exten- 
sively studied in the end of XlX-th century starting from the work by Hermite and 
Picard's work in 1870s. Darboux work [5| also appeared in this context. The fa- 
mous S. Kowalevskaya's work on integrable case in rigid body dynamics was further 
development of this idea. A link with Kowalevskaya's work had been emphasized 
already at a very early stage of the modern finite-gap theory by Dubrovin, Matveev 
and Novikov in ||7l, the relation of Picard's work with elliptic finite-gap potentials 
was studied in detail by Gesztesy and Weikard iflTI . 

I should mention that there are Schrodinger operators with trivial monodromy, 
which are not finite-gap. A simple example is given by 

, , m(m +1) 
z 

for any even polynomial P{z)- For more interesting examples, including Painleve-IV 
transcendents, we refer to l[T2l[T3ll23i . Note that as it follows from the proof Propo- 
sition |2!2] is still valid if we replace finite-gapness by trivial monodromy property. 

An obvious question is about multi-dimensional analogue of our result. It is 
natural to expect that the answer would be related to the reflection groups and should 
be given by the corresponding generalised quantum Calogero-Moser systems, see 
the elliptic case in |[T4l l3l. I would like to note also that the multi-dimensional trivial 
monodromy condition plays a key role in the theory of Huy gens' principle H. 
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